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Abstract 
The first theorem states that all flat space-time gravitational theories must have a Lagrangian 
with a first term tha.t is an homogeneous (degree-I) function of the 4-velocity u z, plus a 
functional of ~iiutu 1. The second theorem states that all gravitational theories that satisfy 
. . . . . .  i i  the strong eqmvalence principle have a Lagranglan with a first term gii(x) u u plus an Ir- 
relevant term9 In both cases the theories must issue from a unique variational principle9 
Therefore, under this condition it is impossible to find a flat space-time theory that satisfies 
the strong equivalence principle9 
w Introduction 
Too many times we have heard and read that Einstein's general theory of 
relativity is an exceptional theory in the realm of physics. In fact, gravitation is
the only field that requires a curved space-time background to be explained. 
Nevertheless all formulations of gravitation in flat space-time have had a short 
life, and never has a flat space theory made a serious challenge to general rela- 
tivity. Why? 
In this paper we try to answer this question. In our opinion it is almost 
impossible to formulate a macroscopic self-consistent gravitational theory in flat 
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space-time. More precisely: we shall prove that it is impossible to find a covari- 
ant theory drawn from a unique variational principle (and therefore self-consis- 
tent as all theories with only one axiom), that satisfies the strong equivalence 
principle (which we consider a soundly based macroscopic principle) in fiat 
space-time. 
Therefore, at least in the macroscopic domain, we must reject all heretical 
theories and accept he true faith that teaches us that space-time is curved, and 
that the curvature of space-time produces a phenomenon k own as the gravita- 
tional field. 
w Variational Principle and Consequences 
We shall try to study the set of all gravitational theories based on a unique 
hypothesis, i.e., a unique variational principle. We do so because in almost all 
flat space-time theories additional hypotheses must be stated in order to comply 
with the three classical experiments (as in [1 ]) or to eliminate some internal 
contradictions: soas to make motion and field equations compatible (as in [2]), 
or motion equations compatible with flat space-time (as in [3]), or to fix a par- 
ticular gauge where field equations are only valid (as in [4]). On the contrary if 
we begin with just one variational principle we are sure that we are free of inter- 
nal inconsistencies; and that is precisely the case of electromagnetism, which is 
also the best and only model to build a gravitational macroscopic theory. 
The electromagnetic action is 
SE=~-~fmrl i ju iuJds+~e fAiu ids+ fs (2.1) 
where rlij is the Lorentz metric tensor, ds = (~ijdxidxJ) 1/2 , u i = dxi /ds, etc. The 
first term in the right-hand side is the free-particle action (i.e., a function of the 
particle velocity only), the second one is the interaction term (i.e., a functional 
of the velocity and the field), and the last one is the action of the field itself (a 
functional of the field only). In this case we know that all the classical electro- 
magnetic theory can be deduced from the action (2.1) and we can also obtain an 
acceleration zJ i = dui/ds that satisfies 
r~i/ui~ j = 0 or d O.Ji]uiuJ) = 0 (2.2) 
a condition that must necessarily be fulf'dled in flat space-time because from 
ds = (r~iidxidxJ) 1/2 (2.3) 
we can deduce quation (2.2). 
Let us now consider the gravitational case as generally as we can. So let us 
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state that space-time is only a differential manifold, with generic oordinates x i. 
We shall use an arbitrary system of coordinates, o all our equations must be co- 
variant. Let s be a general parameter and u i = dxi/ds. As in the electromagnetic 
case We take a gravitational ction: 
Sg = ~ f mgii(xi)uiu]ds + ~ ". f ms i, .')as+ f g)d'x (2.4) 
where the role played by the three terms is the same as in equation (2.1), m is 
the mass particle, and gij(x) are only arbitrary coefficients. Since we want our 
theory to be as general as possible we make the least possible number of hy- 
potheses concerning the interaction Lagrangian s which is a function of u i 
and x i (through some unspecified tensor and spinor fields, so our theory has, so 
far, an arbitrary spin). We only ask that s not be an explicit function of s, and 
this is its sole symmetry. 
To obtain the equation of motion of a particle we make a virtual displace- 
ment 5 of the space-time path of the particle, leaving the eventual field fixed. 
Then the one-particle equation of motion must be such that 
5Sg = mS Jgii(xi)uiu]ds + mS ~s = O (2.5) 
We have placed the same mass m in the first and second term of the right-hand 
side of the equation (2.4) so both cancel out in equation (2.5). In this way the 
weak equivalence principle is satisfied by the equation of motion, which turns 
out to be m independent. 
From now on we shall work with the Lagrangian 
s = s = gij uiuj  + s (2.6) 
Then we can use the Euler-Lagrange equation to write the motion equations of 
motion explicitly: 
dss ~u / - ~x ---7 = 0 (2.7) 
If we multiply this equation by u i, and we follow the well-known steps of 
classical mechanics, we have 
dH 0s ui - s (2.8) 
d-s- = 0, where H = 3u---- 7 
so the function H is a constant of the motion along the space-time path of the 
particle. Moreover it is the only constant of the motion because the only sym- 
metry of s is that it is not an explicit function of s, and we know by Noether's 
theorem that each symmetry produces a constant of the motion and vice versa. 
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Therefore H is the constant of the motion which follows from s only sym- 
metry. 
w First Theorem: Flat Space-Time Conditions (cf. [5]) 
I f  we want to work in a flat space-time, we must choose an s that leads to a 
flat space-time without the use of any new hypothesis, i.e., a system of coordi- 
nates x i must exist, in our differentiable manifold, such that a constant metric 
tensor ~'li] may exist, and such that the world interval is 
ds 2 = ~tidxidx j or ~i]ui~ ] = 0 (3.1) 
and of course 
d 
d-~s (niiuiuJ) = 0 (3.2) 
Theorem 1. A constant metric tensor 7/ii with the required properties exists 
if and only s has the form 
s = s u i) + F(rli/uiu j) (3.3) 
where s is an homogeneous function of degree 1, in the variables ui, F is an 
arbitrary function but :/: const (rlquiu/) + const, and 77# is a constant ensor in 
the coordinates x i. 
Proof. In fact, the condition is sufficient because quations (2.8) and (3.3) 
lead to 
FY(x) l
x 3/' s 1- : - r= l=H= const (3.4) 
dx tx"" j 
where x = ~#uiu ] and F(x)  4= const x 112 + const, so we have that 
dx i dx  i 
- const (3.5) x = *lij ds ds 
Then x = const along every particle's pace-time path, i.e., every geodesic. There- 
fore if we make x = 1 at a point xg for every dxi/ds (i.e., we fix a measure unit 
at xg) and afterwards we link x/0 to a generic point x i with a geodesic we shall 
have x = 1 at x i and so ds 2 = rtijdxidx j. 
Condition (3.3) is also necessary because if space-time is fiat x = ,liiuiu j is a 
constant of the motion. But,for a generic Lagrangian s with the only symmetry 
that it is not an explicit function of s, the only constants of the motion are H 
and obviously all functions of H, so x must be a function of H, or inversely 
~s u i H = ~u-- 7 - s =f (x)  (3.6) 
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where f is an arbitrary function of x, but of course f (x)  4: const. But equation 
(3.6) is an inhomogeneous linear differential equation whose solution is 
x 112 f f(x) 
d~ = .~(1) "1" 2 ~ dx  (3 .7 )  
where s is the general solution of the homogeneous differential equation (3.6) 
and therefore an arbitrary but homogeneous function of the u i of degree 1, and 
the second term is a particular solution of equation (3.6). Asf(x) v ~ const this 
second term is different from "const x ~/2 + const." [] 
Of course, in this case s u i) must also be a Lorentz scalar so it must be 
a function of the coordinates x i through aset of tensor and spinor fields. 
The first example of a Lagrangian like (3.3) is the electromagnetic Lagran- 
gian. On the other hand the only gravitational theory that has a Lagrangian that 
is similar to (3.3) is that of Belinfante (cf. [6]). Mavrides [7] considers this at- 
tempt as the only feasible ("viable") flat space-time theory. 
w Second Theorem: The Strong Equivalence Principle Condition 
The strong equivalence principle states that in every point x~ of space-time 
a system of coordinates x r must exist where locally gravitational forces vanish, 
. i r 
so at that point Xo the space-time paths of particles must behave locally as 
straight lines, for all directions u i' , i.e., if s is an arbitrary parameter, 
" . dx  i '  
u~" dUZ'ds = xui'' where u z' - ds (4.1) 
with an adequate parameter we shall have, 
tJ i' = 0 (4.2) 
If we write equation (4.1) in an arbitrary system of coordinates x i, making a 
change of coordinates 
x i =xi(x i') (4.3) 
we shall have 
i i zi i + Pkt (Xo) uku I = 0 (4.4) 
where P~t (x~) are coefficients hat depend on the system of coordinates, and 
they are, in fact, the coefficients of an affine symmetric connection because 
they behave as such under a change of coordinates. Therefore the strong equiva- 
lence principle defines a symmetric affme connection over our differential mani- 
fold. The l'~t are point functions through some unspecified field and its 
derivatives. 
But (4.4) is the equation of motion of the particle. Therefore if we want our 
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theory to fulf'dl the strong equivalence principle we must choose s in such a way 
that the Euler-Lagrange equations (2.7) and (4.4) should be equivalent. 
We shall prove Theorem 2 only within the set of Lagrangians of the form 
oo 
s = Z s (4.5) 
where each term of the right-hand side is a homogeneous function of degree n in 
the variables u i, i.e., 
O,/~(n) 
u i = ns (n) (4.6) ~u i 
Notwithstanding, this set is large enough to contain all the Lagrangians used 
until now in gravitational theories. We shall generalize the theorem elsewhere. 
As we wish the principle of general relativity to be satisfied, the equation of 
motion should be covariant. So s and also all the s must be scalar. 
Under these conditions we can state the following theorem. 
Theorem 2. s satisfies the strong equivalence principle if and only if 
~G(xi) u i (4.7) r = gik (X i) UiU k + aX"---'" T- 
where gik (xi) is a point function tensor and G (x l) is an arbitrary point function 
scalar .* 
Proof. In fact: As s is not an explicit function of s we can write the Euler- 
Lagrange quations (2.7) as 
~2s u k -  as 0 32s d k + ~ - - -  (4.8) 
~uk~u------7 axk~u i ax i - 
Then if we replace (4.5) and (4.6) in (4.8) we obtain 
~2s U~ "II'( ~'s U](" ~(1) ~s )'~" B;kiuluk O (4.9) - -  = ~--- 
~uk ~u i axk au i ax i ax! 
where 
1 a3s (4.10) , , 1 ~3s Y~ n(n -  1) Oxiauk~u i Blki =Bkli = nr ~ (n -  1) ~X(k~ul)~u i he0,1 
is a symmetric coefficient in (/, k). We also want to write the three terms in large 
parentheses in equation (4.9) as a geometric object multiplied by utu k, although 
in this case we cannot use equation (4.6); therefore we define an homogeneous 
1G(x i) is, of course irrelevant for the variational principle. 
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function of degree 2 in the variable ui, so that we can write 
s 
s = L -~ L(2) = L(-2)L(2) (4.11) 
s L (2) = L(-a)L (2) (4.12) s = 
Nwr it is possible to use equation (4.6) on L (-D and L (-2) (because - 1, -2 
0, 1), and we obtain 
0s o ) 
-B"  ulu k (4.13) i)X i tki 
where 
and 
B" 1 ~. (i,(2) 32L(-2)~ 
l~i = ~ Ox' \ ~ulau ~ ] 
where 
(4.14) 
where 
to 0 (L (2 )  ~2L (-1) ~2L(2)/ 1 ~ (~2L( -1 )  / 
Btki = ~ 2 3UO3U ~ + L(-a) - -  L(2) (4.16) au')~u ~ /-  ~ Ox' a.'ou ~ I
If we place equations (4.13)-(4.16) in equation (4.9) we have 
Ou%u i- -  {t k + Blk i UIu k = 0 (4.17) 
P t l  I t !  
8lki = Blki + Bltci + Blk i (4.18) 
In the general case we can find the symmetric matrix AiI such that 
A u - -  = ~ (4.19) OulOu k 
Thus equation (4.17) becomes 
fit + AUBski uSu k = 0 (4.20) 
This is only the Euler-Lagrange equations (2.7) in a covariant form. This equa- 
tion must be equivalent to the equations of motion (4.4) in order to fulfiU the 
~2C(1) /4 k ~,~(1) ~,,, l k (4.15) 
OXk~Ui ~X i - IJlk i U U 
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strong equivalence principle; therefore 
AUBski = Pstk (4.21) 
But A u and BsX i are functions of x i and u i while Pstk is only a function of xi; 
therefore the strong equivalence principle is fulfilled if and only if 
~A li aBsk i 
aurn Bsk i +Ali ~U m = 0 VU i (4.22) 
Now, from equations (4.19) and (4.22) we conclude that necessarily 
aBskr ~Bskm 
~u m au r = 0 (4.23) 
From now on we shall work only with this necessary condition. 
Replacing (4.18) in equation (4.23) and equating to zero 2 all terms having a 
different degree in u i, we obtain 
~4s ~4s 
aur~xrnauk~u s - ~umbxr~uk~uS = 0, n 4: 0, 1 (4.24) 
tF fF 
aBskr aBskm - -  = 0, n = 0 (4.25) ~u m ~u r
elf  r162 
~Bskr aBskm _ 
O, n = 1 (4.26) ~u m ~u r
we can integrate quation (4.24) twice in u i and obtain 
~2 s ~2 s 
~xm~ur ~xr~um =Drm k (xi)u tc + Frm (x i) (4.27) 
where Drm k (X i) and Frm (9C i) are two arbitrary antisymmetric point functions in 
the indices (r, m). But as the left-hand side has a well-defined egree (n - 1) in 
u i, the right-hand side must have the same degree, so we have three possibilities: 
(a) Drm k = O; erm --/= 0 
(b) Drm k 4: O; Frm = 0 (4.28) 
(c) D,mk =0; F , .=0 
(a) In this case equation (4.27) becomes a linear nonhomogeneous differen- 
tial equation with the particular solution s (1) = A i (xi)u i, but since equation 
(4.27) comes from equation (4.24), which is not valid for n = 1, this solution 
must be rejected. Then, we have, of course, the general solution of the corre- 
2If ~nf  (n) = 0, where f(n)(x) is a homogeneous function of degree n, we have that 
f(n)(kx) = knf~nl, therefore ~_,nXnf(n)(x) = 0 for any k sof(n)(x) = 0 for each n. 
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sponding homogeneous equations but we shall study this solution in case (c). 
So we have finished with case (a). 
(b) In this case Frm -- 0, and so equation (4.27) becomes a nonhomoge- 
neous linear differential equation with solution 
s = s + s (4.29) 
where s is a particular solution and s n) is the general solution of the homo- 
geneous equation. But we have only a nontrivial s if n = 2. Then 
s = s =gik(X i )u iuk  + s (4.30) 
where gik(X i) is an arbitrary point function and s is an homogeneous function 
of degree 2 which is the solution of the homogeneous part of equation (4.27). 
The homogeneous part of equation (4.27) has a first integral, which is 
~2~2) _ 0 (H+xtFl)  = __~G (4.31) 
Ou r ax r ~x r
where H(x i, u i) and F t (u i) are arbitrary functions. Therefore, if we multiply by 
u r and use (4.6) we have 
1 ~G ur (4.32) 
s = 2 ~x r
Now, if we study equation (4.31) under a change of coordinates we see that its 
left-hand side is a vector and its right-hand side is a vector only if G is a point 
function, but in this case the left-hand side has degree zero, so the only possible 
solution is 
s (2) = 0 (4.33) 
Therefore the most general solution in case (b) is 
s = gig ttiuk (4.34) 
Regarding case (c) we must solve the homogeneous part of equation (4.27). Fol- 
lowing the same procedure, we reach the conclusion that the only possible scalar 
solution is 
s = ~G(xi) u r = dG(xi) (4.35) 
ax r ds 
but this solution must be rejected because quation (4.27) is not valid in the case 
n = 1, and anyhow it is only a total derivative with no effect on the equation of 
motion. 
At this stage we have 
s = s + s ) + gik (xi) uiuk (4.36) 
where s and s must satisfy equations (4.25) and (4.26), respectively. 
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If we multiply equation (4.25) by uS u ~ and use equations (4.13) and (4.14) 
we obtain 
3s 
3xi \---~-~-us + L(2) 3uS 1- 3x s 3u i ) (4.37) 
whose integral is 
3s (0) 3L (-~) aG 
-: +L (2) ~ =- -  (4.38) 3u z 3u z 3x t 
where G is similar to the function G defined in equation (4.31). As G is an arbi- 
trary function we can choose a scalar one, therefore the left-hand side of equa- 
tion (4.38) is a vector, and the right-hand side will be a vector only if G is a point 
function. Then the left-hand side has degree 1 in the variables u i while the right- 
hand side has degree zero unless the left-hand side is zero, then if we multiply it 
by u i and use equation (4.6) we have that s ___ 0. So we can eliminate the first 
term in the right-hand side of equation (4.36). 
If we follow the same procedure with equation (4.26) after a long but ele- 
mentary computation we have 
3x--- ~ 2 3u i 3u i +L (2) 
a 3L(_1) \ "2 3s - L (-1) 3L(2) +L (2) 
3u------ U 3u s )=0 (4.39) 3x i
whose integral is 
as O) _ L(_I ) aL (2) _ aG 
2 ~ au ~. + L (2) aL(-nau i ax i (4.40) 
where G is a function as in equation (4.31) and following the same steps we can 
see that G must be a point function. Therefore multiplying (4.40) by u i we have 
s = ----:3G ui = _ dG (4.41) 
3x t ds 
so s must necessarily have the form (4.7) in order to fulfill the strong equiva- 
lence principle. 
But obviously it is sufficient to give the Lagrangian s the form (4.7) to fulfill 
the strong equivalence principle. [] 
w Conclusion 
As it is impossible to find a Lagrangian with both forms (3.3) and (4.7) we 
reach the conclusion stated in the Introduction: We cannot make a flat space- 
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time gravitational theory based on a unique variational principle and fulfill the 
strong equivalence principle. Therefore in fiat space-time we must follow one of 
these two ways: 
1. Make a theory with no unique variational principle; but this theory 
would be even more exceptional than general relativity. 
2. Make a theory with no strong equivalence principle. 
These results, like every negative result, must be taken with great caution. But 
we think that if one postulates the strong equivalence principle and the relativity 
principle through a variational mechanism, curved space-time and Einstein's gen- 
eral relativity follow inevitably. 
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